We study the Casimir interaction between a metallic cylindrical wire and a metallic spherical particle by employing the scattering formalism. At large separations, we derive the asymptotic form of the interaction. In addition, we find the interaction between a metallic wire and an isotropic atom, both in the non-retarded and retarded limits. We identify the conditions under which the asymptotic Casimir interaction does not depend on the material properties of the metallic wire and the particle. Moreover, we compute the exact Casimir interaction between the particle and the wire numerically. We show that there is a complete agreement between the numerics and the asymptotic energies at large separations. For short separations, our numerical results show good agreement with the proximity force approximation.
I. INTRODUCTION
Casimir forces contribute significantly to the effective interaction of micro-and nanometer sized structures [1] . For identical objects or mirror symmetric configurations, this type of interaction is attractive [2] and can cause stiction in micro-motors and other similar structures [3] . More generally, if the permittivities of the objects are higher or lower than those of the surrounding medium, any equilibrium position of the objects is unstable due to the Casimir interactions [4] . Therefore, a good quantitative understanding of such forces is a key parameter in the design and manufacturing of micro-mechanical devices.
It is important to study the Casimir forces for different shapes as they strongly depend on the geometry and material properties [1, 5, 6] . Technically, investigating the interplay between the shape and material effects is quite involved. The scattering formalism provides a powerful tool to calculate the Casimir interaction between objects of general shape and material properties [7] . There is much recent research activity based on the scattering formalism, e.g., for edges and tips [8, 9] , anisotropic particles [10] , wires and plates [11] [12] [13] [14] , and spheres and plates [15] .
An important geometry which has not yet been investigated in detail, consists of a wire and a particle (atomic or macroscopic). In the plane-particle geometry this force is known as Casimir-Polder (CP) interaction [16] . Our study of the wire-particle case is motivated by theories [17] and experiments [18, 19] on the two-dimensional quantum scattering of neutral atoms or molecules at wires or nanotubes. In an early work, the interaction between a filament and an isotropic atom has been studied for perfectly and non-perfectly conducting metals [20] . Later, Eberlein and Zietal studied the interaction between a neutral atom and a perfect metal cylinder, using perturbation theory [21, 22] . Recently, the Casimir energy for a polarizable micro-particle and an ideal metal cylindrical shell has been computed using the Green's function technique [23] . The focus of previous studies were mainly on the interaction between a metal wire and a perfect metal particle or an atom. Therefore, the influence of material properties of the spherical particles on the energy remains to be studied in detail.
In this work, we study the Casimir interaction between a metallic spherical particle and cylindrical metallic wire where the latter is described by the Drude, plasma or perfect metal model. Using the scattering formalism, we derive a general expression for the Casimir interaction between the particle and cylinder. From this general expression we determine the behavior of the Casimir energy in various limiting cases (separation regimes) analytically, and numerically over a wide range of separations. Interestingly, we find ranges of distances in which the Casimir interaction does not depend on the material properties of the metallic wire. In contrast, we find that the interaction depends in general on the material properties of the metallic particle at all separations. An exception is the plasma sphere with a plasma wavelength that is much smaller than the size of the sphere for which the Casimir interaction is universal at asymptotically large distances. At short separations, we compute the exact Casimir interaction numerically and compare it both with the asymptotic results and the prediction of proximity force approximation (PFA). In both limits we obtain good agreement.
The structure of the rest of the paper is as follows: In Sec. II, we review the scattering approach and derive the elements that are needed for computing the interaction between a wire and a particle. In Sec. III, the largedistance asymptotic interaction between a metallic wire and a particle (metal sphere and isotropic atom) is derived for the perfect metal, plasma and Drude models. In Sec. IV, the exact Casimir interaction is computed numerically and compared with the asymptotics expan-sions. Section V is dedicated to the interaction at short separations where the PFA is expected to become reliable.
II. METHOD
We consider a cylindrical wire separated by a distance d from a spherical particle. We use the scattering formalism to calculate the Casimir energy between the cylinder and sphere [7] . In general, the Casimir free energy between two objects at the temperature T is given by
where 1 is the identity matrix, κ n is the Matsubara wave number κ n = 2πnk B T / c and the matrix N factorizes into the scattering amplitudes (T-matrices) as well as translation matrices which describe the coupling between the multipoles on distinct objects. The primed sum denotes that the contribution of n = 0 has to be weighted by a factor of 1/2. At zero temperature, the primed sum in Eq. (1) is replaced by an integral along the imaginary frequency axis,
with κ the Wick-rotated frequency. The elements of the matrix N for electric (E) and magnetic (M ) polarizations (α, β, γ = E, M ) and cylindrical wave functions m and m are
where k z is the wave number along the z-axis, T c and T s are the T-matrices of the cylinder and sphere in cylindrical basis, respectively. The translation matrix U sc relates regular cylindrical vector waves to outgoing ones.
The translation matrices do not couple different polarizations and for both E and M polarizations, their matrix elements are given by
where p = κ 2 + k 2 z and K n (x) is the modified Bessel function of the second kind. Note that the N-matrix elements in Eq. (3) are written in cylindrical basis to avoid the complicated form of the translation matrices in the spherical basis [7] .
The T-matrix of the sphere in cylindrical basis is derived in Appendix B and is given by
where L is the length of the cylinder, is the quantum number of the spherical electromagnetic waves, β = E, M is the electromagnetic polarization and D is the conversion matrix from the cylindrical to spherical basis. The elements of the conversion matrix are given in Appendix C . Note that in Eq. (5), T β s, m is the T-matrix of the sphere in the spherical basis.
To obtain the Casimir energy from Eq. (2), we plug Eqs. (4) and (5) into (3) and use the identity det(1 − AB) = det(1 − BA). The N-matrix for the energy between the sphere and the cylinder is rewritten as
In this work, to study the impact of the material properties of the metallic objects on the Casimir interaction, we employ the plasma, Drude and perfect metal dielectric properties with the constant magnetic permeability µ = 1. The Drude model dielectric response is given by
where λ p is the plasma wave length and λ σ = 2πc/σ is the length scale associated with the conductivity σ. Equation (8) , reproduces the plasma model dielectric function for λ σ = 0. Note that the material properties of the sphere and the cylinder enter to the calculations through the T-matrices, see Appendix A.
III. LARGE-SEPARATION REGIME: ASYMPTOTIC CASIMIR ENERGY
In this section, we study the large separation asymptotic behavior of the Casimir interaction between a particle and a wire. We consider a spherical particle with radius R s and a cylindrical wire with radius R c . In order to find the large-distance (d R c , R s ) asymptotic form of the Casimir interaction, one has to find the behavior of the T-matrices in the low-frequency limit.
A. Asymptotic Behavior of T-matrices
T-matrix of a wire
In this part, we obtain the asymptotic form of the Tmatrix elements of a wire at large separations. Using the dielectric function given in Eq. (8), we find the T-matrix element of the wire for E polarization and n = 0 at small frequencies (κ 1, k z /κ fixed) is
where p = κ 2 + k 2 z . The parameter C(κ) depends on the dielectric properties of the wire. For a perfect metal wire C(κ) = 0 and for a plasma wire with the plasma wavelength
) if the plasmon oscillations cannot build up transverse to the wire axis as the diameter is too small, i.e., R c λ p . In the opposite limit we approximately reproduce the T-matrix of a perfect metal wire, i.e. C(κ) ≈ 0. For a Drude wire with the conductivity σ and the characteristic length
) means that the Drude behavior dominates over the plasma behavior, equivalent to the fact that in the dominator of Eq. (8), the first term is much smaller than the second one. The second condition (κ 1/λ σ ) ensures that the Drude dielectric function is much larger than one, i.e., the metallic behavior is dominant [11, 12] . At large separations, T EE 0 elements dominate over the other T-matrix elements since T
where the sub-leading term contains the material properties of the Drude wire.
T-matrix of an Atom
The above approach can also be used to calculate the Casimir energy between an atom and a wire. To this end, we consider a neutral two-level atom in the ground state, with the transition frequency ω 10 [16] . We assume that the distance from the atom to the wire d is much larger than the radius of the wire R c , i.e. d/R c 1. Moreover, we assume that the atom is isotropic and does not have magnetic polarizability. In the isotropic-dipole approximation, the only nonzero element of the T-matrix reads
where α E , the electric polarizability, is given by
), e the electron charge, m the mass and f 10 the oscillator strength of the 0 → 1 transition.
B. Asymptotic Energy Expression
In this subsection, using the asymptotic T-matrix expressions and Eq. (6), we derive the Casimir energy at large separations. Considering ln det ≡ Tr ln, we expand the integrand in Eq. (2) in powers of N for κ 1 and k z /κ fixed and find
As discussed above, in the limit d R s , R c only the = 1 terms contributes to the sphere T-matrix, T s, m . Therefore, only the partial wave numbers m = 0, ±1 have to be taken into account to obtain the matrix N. Using Eq. (6), we find (18) withD the modified conversion matrix with real elements. The modified conversion matrix is related to the original one by D m,kzm = (−1)
, see Appendix C. Furthermore, the matrixT EE mm in Eq. (18) is equal tõ
Note that in Eq. (19), T EE c,kz±1 are neglected as they scale with higher powers of κ.
Inserting Eq. (19) into Eq. (18) and performing the sums, we find
The modified conversion matrix elements in Eq. (20) are (see Appendix C for all details ),
Inserting Eq. (21) into Eq. (20) and using the leading term in the T E s,1m expansion, we find the asymptotic energy between a perfect metal, plasma and Drude cylinder and a spherical particle or an atom. Using Eq. (17) and the T-matrix expansions up to κ 3 , see Eqs. (10)- (14), we obtain the general expression for the asymptotic energy
with χ = R 3 s for the spherical particle and χ = α E (κ) for the isotropic atom. Moreover, Λ 0 is proportional to T (2πR s /λ p )) for the plasma particle and Λ 0 = 0 for the atom and the Drude particle. The latter is due to the fact that T M s,1 is set to zero in Eq. (22) . T M s,1 for the atom is indeed zero and for the Drude particle scales with κ 4 , see Eq. (12) . Therefore, for the Drude particle the asymptotic energy given by Eq. (22) needs a correction because of the κ 4 terms in Eqs. (12) and (14), which is
Inserting Eq. (9) into Eq. (22) and using the polar coordinates, κ → ρ cos(θ)/d and k z → ρ sin(θ)/d, we find
where for the perfect metal cylinder C(ρ, θ) = 0, for the plasma cylinder C(ρ, θ) ≈ ξ cos 2 (θ) with
, and for the Drude cylinder
. The correction δE DS for the Drude particle in polar coordinates (ρ, θ) reads
Now we use Eqs. (24) and (25) for different material properties and calculate the Casimir interaction for various limiting cases.
C.
The Casimir interaction between a wire and a spherical particle
Below we present the large separation asymptotic energies between a metallic spherical particle and a metallic wire.
The perfect metal wire
For a perfect metal wire and a perfect metal, plasma or Drude particle, the energy integral in Eq. (24) results into
It is important to note that Eq. (26) depends on the material properties of the spherical particle through the quantity Λ 0 . For a perfect metal wire and a plasma particle, in the limiting case of small plasma wavelengths, λ p R s , we reproduce the perfect conductivity form with Λ 0 ≈ 1/4. In the limit of large plasma wavelengths,
). Since Λ 0 1, the plasma wavelength of the spherical particle does not have a significant contribution to the asymptotic energy.
For the Drude particle, using Eq. (25), the correction to the asymptotic energy given by Eq. (26) reads
and scales with d −5 . Depending on the terms in the brackets, this correction can have a significant contribution to the asymptotic energy. In the limit of high conductivity, λ σ R s , the first term in the brackets dominates over the second one. For this specific case, if
s the correction becomes even larger than the asymptotic energy itself, i.e. δE DS E. Note that in Eq. (27) , the second term in the brackets dominates only at low conductivity limit λ σ R s in which the spherical particle is considered to be a very poor conductor. In general, the second term does not have a noticeable contribution to the asymptotic energy for good conductors such as copper and gold.
The plasma wire
For a plasma wire and a plasma or a perfect metal particle, the polar and radial integrals in Eq. (24) can easily be performed,
with
where ξ is given below Eq. (24),
In the small plasma wavelength limit, λ p /R c ln(2d/R c ), we reproduce the perfect metal wire results given by Eqs. (26) and (27) .
In the opposite limit λ p /R c ln(2d/R c ), the asymptotic energy reads
For a perfect metal spherical particle, Λ 0 = 1/4, and the second term can be neglected as we are at the large plasma wavelength regime. For a plasma spherical particle with plasma wavelength λ p , if λ p R s , Λ 0 ≈ 1/4 and the energy is the same as in the case of a perfect particle and a plasma wire. In the opposite limit λ p R s , we have Λ 0 ≈ π 2 R 2 s /(15λ 2 p ) 1 and the plasma wavelength of the particle does not have a significant effect on the asymptotic energy, and the asymptotic energy is mainly dominated by the material properties of the plasma wire.
For a Drude particle, the asymptotic energy is given by (24) and (25), we reproduce the perfect metal wire results, see Eqs. (26) and (27) .
In the opposite limit, ξ 1 or equivalently
For a perfect metal particle, Λ 0 = 1/4, and the energy given by Eq. (32) is always attractive since λ σ d R 2 c . For the plasma particle, in the limit of small plasma wavelengtha λ p R s , Λ 0 ≈ 1 and the particle behaves like a perfect metal. In the opposite limit, λ p R s , as previously seen, we find Λ 0 ≈ π 2 R 2 s /(15λ 2 p ). In this case the second term in Eq. (32) dominates, which means that the material properties of the plamsa particle does not have a significant effect on the asymptotic Casimir energy.
Under the same condition ξ 1, using Eq. (25), the correction to Eq. (32) reads
As discussed above, for metallic particles, the second term in Eq. (33) is much smaller than the first one.
D. The Casimir energy between a wire and an Atom
We calculate the Casimir energy between a wire and an atom in both retarded and non-retarded limits. To find the asymptotic energies at large separations, we use Eq. (24) with Λ 0 = 0:
The retarded limit
In the retarded limit, d d 10 , we find the Casimir energy between a perfect metal wire and an atom as
Equation (34) is in complete agreement with the results in Refs. [20] [21] [22] [23] . It is important to note that even though the asymptotic energies for an atoms given in Eq. (34) and for a perfect metal particle given in Eq. (26) have the same scaling behavior, the numerical coefficients do not match; 1/(3π) for the atom and 5/(12π) for the spherical particle. This discrepancy is due to the lack of magnetic polarizability in the isotropic atoms.
For the plasma wire and an atom in the limit ξ 1 or equivalently λ p /R c ln(2d/R c ) and d d 10 , the asymptotic energy reads
which is in agreement with the atom-plasma wire result in Ref. [20] . In the limit λ p /R c ln(2d/R c ) and d d 10 , we reproduce the perfect metal wire-atom interactin energy given in Eq. (34).
For the Drude wire and an atom, in the region of intermediate distances ξ 1 or equivalently d/R c R c /λ σ , in the retarded limit d d 10 , the asymptotic energy reads
Equation (36) is in agreement with Ref. [20] . In the opposite limit, ξ 1 or d/R c R c /λ σ and d d 10 , once again we reproduce the perfect metal wire-atom asymptotic interaction energy, see Eq. (34).
The non-retarded limit
In the non-retarded limit, d d 10 , using Eq. (24) with Λ 0 = 0, we perform the angular integral for the perfect metal, plasma and Drude wires.
For the perfect metal wire, the radial integral can easily be obtained. Expanding the result of the integral for d d 10 yields
For the plasma wire, the radial integral over ρ in Eq. (24) cannot readily be performed in the non-retarded limit. Therefore, we expand the integrand for d/d 10 1. In the limit d R c d 10 /λ p the expansion of the integrand does not depend on the material properties up to the leading order. Therefore, performing the integration over ρ results into the perfect metal wire-atom interaction energy given in Eq. (37).
Similar to the plasma wire, the radial integration in Eq. (24) is not easily calculable for the Drude wire. Analogously, we expand the integrand for d/d 10 1 and then perform the integral over ρ. In the limit d R c d 10 /λ σ , we find Eq. (37) for a perfect metal wire and an atom. This is due to the fact that the material properties of the Drude wires does not play any role ate intermediate separations, see Refs. [11, 12] .
E. Universality
In previous sections, we have derived the asymptotic energies between a metallic wire and a metallic spherical particle for different dielectric properties, described by the Drude, plasma or perfect metal models. We have found that in all cases, the Casimir energy depends on the material properties of the spherical particle. This is due to the fact that the material property of a sphere has a significant contribution to its T-matrix [15] .
In contrast, for parallel metallic wires and a wire-plate geometry, at intermediate distances, the asymptotic energy does not depend on the material properties of the objects and is universal [11, 12] .
Although in a wire-sphere system the Casimir interaction depends on the material properties of the particle at all separations, the signatures of the universal behavior of the metallic wire is still traceable at asymptotic separations. ), the interaction is independent of the material properties of the plasma wire, while it still depends on the material properties of the particle, see Fig.1a .
For a Drude wire and a metallic particle, at larger separations, d
2 /R 2 c d/λ σ , the interaction depends both on the material properties of the Drude wire and that of the spherical particle, see d/λ σ , while material properties of the sphere has a significant role in the Casimir energy, it does not depend on the material properties of the wire. Note that the casimir interaction is also independent of the material properties for two parallel Drude wires [11, 12] .
IV. INTERMEDIATE-SEPARATION REGIME: NUMERICAL CALCULATIONS
We use Eq. (2), to numerically calculate the Casimir energy. The numerical algorithm consists of three major parts: (i) constructing the matrix N from Eq. (6), (ii) computing the determinant of 1 − N for specific imaginary frequencies κ and (iii) integrating over κ. The matrix N consists of blocks which are associated with the quantum numbers and . We truncate and at a
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FIG. 1:
Interaction between a wire and a particle and between a wire and an atom in the retarded limit. The formulas describe the rescaled interaction energies, E/( c). The parameter χ0 = α0 for the atom and χ0 = R (2) indicates an overall increase of the geometry (i.e., d/Rc fixed) with constant conductivity leading to a " universal " interaction.
finite partial wave number max such that the result for the energy changes by less than a factor of 1.0001 upon increasing max by 1. Since , ≤ max , the N-matrix has Consequently the size of the block N is (4 + 2) × (4 + 2), implying that the off-diagonal blocks ( = ) are not square matrices. Furthermore, N blocks are not diagonal since symmetry along the axis parallel to the wire's axis is broken by the particle.
To construct the matrix N, 4 2 max ( max + 2) 2 integrals over k z have to be evaluated for each κ. This makes the numerical computations for closer separations quite expensive. For example at separation d/R = 2.6, the energy converges with max = 12, corresponding to a matrix of size 336 with 112896 k z -integrals for just a single value of κ. Figure 2 illustrates our numerical results for a metallic cylinder and a metallic spherical particle both with the radius R. The plots show the Casimir energy normalized to the energies for the perfect metal wire-particle configuration as a function of the surface-to-surface distance h = d − 2R. For the numerical calculations, we used λ p /R = 0.05 and 0.5 with λ p /λ σ = 27.4, corresponding to the parameters for gold with λ p = 137 nm and λ σ ≈ 5 nm [24] . Figure 2 shows the dependence of the Casimir energy on the material properties of the wire and particle. Figure 2 (a) depicts the interaction energy between the perfect metal wire with the metallic particle for plasma (opensymbols) and Drude (filled symbols) models with λ p /R = 0.05 (squares) and 0.5 (circles) and λ p /λ σ = 27.4. The dashed lines show the asymptotic energies given by Eqs. (26) and (27) . As shown in the figure, there is a very good agreement between the asymptotics and the numerical results. The numerical results confirm that at very large separations, only the material properties of the particle contribute to the Casimir energy. We note that in the range of distances considered here and for the parameters of gold, one has to consider the energy given in Eq. (26) in addition to the correction term presented in Eq. (27) . Note that for the perfect metal particle and the plasma cylinder (open triangles) the energy ratio approaches 1 at large separations. This is due to the fact that in this regime the material properties of the plasma wire do not contribute to the Casimir interaction, see Fig. 1(a) . 
FIG. 3:
The geometry of a wire of radius Rc and a sphere of radius Rs at a distance h0 (center-to-center distance d = h0 + Rc + Rs).
V. SHORT-SEPARATION REGIME: PROXIMITY FORCE APPROXIMATION
In this section, using the Proximity Force Approximation (PFA) [25] , we calculate the Casimir interaction at short separations h R c , R s . This method gives the interaction as an integral of the energies between parallel surface segments,
where E plate is the Casimir energy per unit area between two parallel plates and h is the surface-to-surface distance. Figure 3 illustrates the distance between two surface elements. According to Fig. 3 the distance h is
with h 0 = d−R c −R s the distance of the closest approach between the cylinder and the sphere. One can write φ c in terms of θ s and φ s ,
At short separations, the surface elements of the sphere and cylinder in which θ s 1 and φ c 1 respectively, contribute most to the interaction. Therefore, the distance h can be approximated by
Inserting Eq. (41) into Eq. (38) and performing a simple change of variable, we obtain the PFA energy
For the case of perfect metal surfaces with E plate (H)/A = −π 2 c/(720H 3 ), we find For Drude and plasma objects, we use the Lifshitz formula [26] ,
p dp
with p a dimensionless variable, r M (E) s and r M (E) c the Fresnel coefficients of the surface elements for the cylinder and sphere, respectively. The Fresnel coefficients of an object a are given by
where n a is the refraction index, n a (icκ) = (icκ)µ(icκ). The PFA energy is obtained using Eqs. (42) and (44) together with the dielectric function of Eq. (8) . Figure  4 shows the Casimir energy for a perfect metal (open squares) and plasma model λ p /R = 0.5 (open circles) normalized to the PFA energy. The energies associated with the Drude model are not shown since they collapse on the data for the plasma model at short separations. Our data show that as the distance between the sphere and the cylinder decreases, the values of the energies become closer to the PFA ones. Note that at short separations the energy converges with larger values of max . Since the size of the matrixÑ increases quadratically with max , the numerical calculation of the Casimir energy becomes extremely costly at short separations. In this work the interaction is calculated up to h/R = 0.4.
VI. SUMMARY AND CONCLUSIONS
In summary, we have studied the Casimir energy between a cylindrical wire and a spherical particle. For large separations, we have derived the asymptotic energies for the Drude, plasma and perfect metal models. In addition, we have calculated the Casimir interaction between a metallic wire and an isotropic atom. Our results for the wire-atom system is in complete agreement with previous results obtained through a different method [20] [21] [22] [23] .
Furthermore, we have computed the Casimir interaction between a spherical particle and a wire. Such computations are quite demanding due to lack of spherical symmetry. Our numerical results perfectly match the asymptotic energies.
For short separations, we obtained the energy using the Proximity Force Approximation (PFA) and compared it with our numerical data. This comparison indicates that as the distance between the wire and particle decreases, the numerical results for the Casimir energy becomes closer to the PFA one. It is noteworthy that depending on the separation, the material properties of the metallic wire may not play a role in the interaction energy, similar to the parallel wires and wire-plate systems [11, 12] .
In a cylinder-sphere system, we do not observe a universal behavior as we have previously obtained for parallel wires and a wire-plate geometries because of the physical properties of the spherical particle. However, one can still have "universal" regimes in which the interaction does not depend on the material properties of the metallic wire.
In case of the plasma wire with the plasma wavelength λ p and radius R c , at sufficiently large separations, d/R c exp(λ 2 p /R 2 c ), the material properties of the wire does not play any role in the asymptotic interactions between the wire and a particle or an atom. In contrast for the Drude wire with conductivity σ and the characteristic length λ σ = 2πc/σ, at large separations p /λ σ , the asymptotic interaction becomes independent of the material properties of the Drude wire. The specific behavior of the Drude wires has been explained in Refs. [11, 12] in terms of large scale charge fluctuations.
At the end we emphasize that since simple generic geometries appear in many nano-and micrometer-sized systems, the knowledge of the interaction between a metallic sphere and cylinder could be important for an efficient design of low-dimensional structures.
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where icκ arguments are dropped for brevity. The expansion of the free Green's function in terms of the regular and outgoing wave functions is given by
where C E = −C M = 1/(2πL) is the normalization coefficient with L the overall length of the cylinder. Inserting Eq. (B2) into Eq. (B1) yields
the T-matrix of a sphere in cylindrical basis. Now we expand the cylindrical basis wave functions in terms of the spherical basis waves,
where Q is the electromagnetic polarization, is the quantum number related to the spherical wave functions and the coefficients D mQ,kzmP are the elements of the conversion matrix from the cylindrical to spherical basis, see Appendix C for the detailed description. Since the azimuthal dependence of the wave functions in both sides of Eq. (B5) are the same, the sum runs on the quantum number and polarization Q. Inserting Eq. (B5) into Eq. (B4), we obtain 
